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Generalised Linear Models

The concept of generlised linear models was originally proposed by Nelder &
Wedderburn (1972) and develop further in McCullogh & Nelder (1989). A general linear
model is a linear model that is general in the sense that it can combine both categorial and
continuous explanatory variables (Dobson 2002). General linear models were introduced
at the end of the 'statistics for free' course on linear models. Some statistical packages
(e.g. R, S-Plus, Genstat) have also adopted a general approach to specifying linear
models. For example, in R, rather than having a seperate command for different types of
regression, ANOVA, ANCOVA etc, all of these statistical models can be specified using
the Im or aov functions (depending if you want a summary of the parameter estimates or
an ANOVA table). However, these general linear models are all based on the normal
distribution. For the analysis to be valid the errors in the data must be approximately
normally distributed or made that way by transformation of the response variable. The
approach is to mould the data to fit the normal distribution. But, there are other
distributions besides the normal and Nelder and Wedderburn proposed an alternative
approach: leave the data untransformed and search for a distribution that fits the data. So,
generalised linear models are general linear models that can use not just the normal
distribution but a whole family of distributions. Generalised linear models (GLMs or
GLIMs for short) are more complex than the normal models that use least squares
methods but most of the concepts involved are analagous to those from least squares
regression and ANOVA and this can aid in a general understanding. Some data are
clearly non-normal - binary response data (alive/dead, present/absent, male/female etc.)
are probably the clearest example, - and GLMs are most useful in these situations.
However, another potential advantage over using transformations and assuming a normal
error distribution is that, as we shall see below, GLMs have more components than
normal linear models and this can offer greater flexibility in some circumstances.
McCullagh & Nelder (1989) give an example of an analysis of some hypothetical data
which are Poisson distributed and have multiplicative effects, i.e. the analysis produces a
significant interaction between explanatory variables. To analyse the data with normal
linear models it would have to be transformed. The following transformations could be
used to achieve the following:

Jy: approximately constant variance

y??: approximately normal errors
In(y): additive effects

A single transformation changes many properties of the data even if we want to
change these different properties in different ways. We may not be able to find a good
compromise and it is possible that a transformation may even solve one problem while
creating another. In contrast, GLMs can allow you to use their different components to
address different aspects of

the data in different ways. What are these different components - there are three main
components to GLMs:
e The structure of the error distribution (random component)
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e The linear predictor (systematic component)
e The link function

We begin by looking at some of the available error distributions. There are many
of these distributions that come from the so-called exponential family. However, in this
course we will concentrate on three common non-normal types of data: i) proportions (or
percentages); ii) binary responses; and iii) frequency or count data. The first two are both
handled with the binomial distribution and the third with the Poisson distribution. We
begin with a brief comparison of these distributions with the more familiar normal
distribution.

Models for Data and Error Distributions

The Normal Distribution

This is the most familar continuous distribution. It is an excellant model for a lot of
continuous variables, e.g. height, weight, length of limbs within a population etc. It is
defined by two parameters (a two-parameter distribution): the mean, pu (mu), and the
standard deviation, o (sigma). In fact, the variance, °, is more usually specified. This
may be written:

X ~ N(u,az) 1)

By changing these two parameters we can get a huge range of normal
distributions. For example:

par(mfrow=c(1,2))

data <- seq(50,150,0.1)

plot(data, dnorm(data, 100, 15), type ="I", ylim=c(0,0.08))
plot(data, dnorm(data, 100, 5), type ="I", ylim=c(0,0.08))
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When dealing with a continuous distribution we are normally not interested in the
probability of obtaining any particular value. For example, we are not normally interested
in the probability of a person measuring 175.357 c¢cm in height! Instead we are more
usually interested in where a particular values lies within the overall distribution. For
example, if the data above were the height of children, then for a child measuring 120 cm

how unusual is this height for her age group? Let's add the child's value to the overall
distribution:

par(mfrow=c(1,1))

data <- seq(50,150,0.1)

plot(data, dnorm(data, 100, 15), type ="I", ylim=c(0,0.08))
abline(v = 120, Ity = 3)
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She’s certainly taller than average but would we clash her height as statistically
significant?

pnorm(120, mean = 100, sd=15, lower.tail = FALSE)

0.09121122

In fact we would not, 9.1 percent of children of that age are 120 cm or taller.

Discrete Distributions
Discrete data are those which can only take whole number values. For example, you

cannot have 3.675 slugs. There are several discrete distributions that can be used to
model different types of discrete data.
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The Bernoulli Trial

Not all data can be modelled with the normal distribution. A Bernoulli trial deals with a
probabilistic event that can only have two outcomes. For example, when you throw a coin
it can land a head or a tail; or when you throw a dice it can land a six or a non-six. As a
more ecological example, your experimental organism may die or survive. Traditionally
one of these outcomes is labelled a success and the probability of success, p, is often what
we want to estimate. In this case the more trials we have the more confidence we can
have in our estimate of p.

The Binomial distribution

This is once again a two-parameter distribution. This time we are dealing with a sequence
of independent Bernoulli trials. So, our two parameters are the number of trials, n, and
the probability of success, p, in any given trial. It follows that the probability of failure, q,
must be 1 - p. An important assumption of this model is that the probability of success
does not change from trial to trial. The data of interest is the total number of successes, X.
For example, we might be interested in the probability of obtaining three sixes if we
rolled a dice six times. The formula for the Binomial distribution is:

P(x) =@ p*(L-p)” )

where:

n n!
(sz x{(n-x)! )

This formula allows you to calculate the exact probability of obtaining x successes
in n trials. The first part of the formula gives the number of ways of obtaining x successes
from n trials - this can be surprisingly large. The second part gives the probability of
obtaining any one of those combinations. For example, imagine we rolled a dice 5 times
(n = 5) and success would be throwing a 6, then what is the probability of throwing three
sixes? First, let's look at the number of ways there are of throwing three sixes out of five
throws. For example, you might throw 6, 6, 6, -, - (where - is a non-six). Or, you might
throw, 6, -, 6 -, 6. In total, following formula 3 above, there are 10 ways of throwing
three sixes from five throws. The probability of throwing,

6,6,6,- -iS:pXpPXpXqxaq,or, p’q’
Also, the probability of throwing,
6,-,6,-,6is:pxqgxpxqxp,or, pg
Therefore, the order of the successes and failures does not affect the probability.

Notice, that p*g® can be written as p(1-p)?, which can in turn be replaced with, p*(1-p)™™.
Let's have a look at some Binomial distributions with different values of p and n.
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par(mfrow=c(1,2))
xvals <- seq(0, 5, 1) ; xvals
p <- numeric(6) ; p
for(i in 1:6)
p[i] <- dbinom(xvals]i], 5, 1/6)
p ; sum(p)
barplot(p, names=levels(factor(xvals)), xlab="x", ylab="Probability of x")
p2 <- numeric(6) ; p2
for(i in 1:6)
p2[i] <- dbinom(xvals[i], 5, 1/2)
p2 ; sum(p2)
barplot(p2, names=levels(factor(xvals)), xlab="x", ylab="Probability of x")
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When p equals 0.5 the distribution is much more symmetrical. You can also see
that it might be possible to make a good normal approximation to the second distribution
but not to the first.

The Poisson Distribution

Sometimes we do not know the number of trials but we do know the number of
successes. If the number of trials is assumed to be very large, i.e. an event had many
opportunities to occur, and the number of successes is relatively small, then we can use
the Poisson distribution, which is an approximation to the Binomial distribution. The
Poisson distribution has only one parameter, the mean number of succeses, pu (mu). Don't
forget that the assumption of independence of trials still holds. Examples of a good
Poisson approximation could be the number of diseased trees in one hectare sample plots
in a forest. If the incidence of disease is relatively low (most trees are healthy) and a one
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hectare plot contains a lot of trees it is much easier to just count the number of diseased
trees rather than all the healthy ones as well. In this case a Poisson approximation to the
exact binomial distribution would be very good. The classic example comes from
Prussian cavalry where records were kept of the number of individuals killed by horse
kicks in fourteen units in each of 20 successive years. In this case the number of failures
(where a horse did not kick a man to death) would be impossible to quantify. The formula
for calculating each term of the Poisson distribution is:

ef,u’ux

Px)= X!

And, because,
P(x) = P(x-1)£
X

then successive probabilities can be calculated by taking the preceeding
probability, multiplying by the mean and dividing by X, starting with the zero term as
follows:

P(0)=¢e™

Notice that the only thing we know is the mean number of times that something
happens. From this we can calculate the exact probability of that same event never
occurring, occurring once, occurring twice etc. An important property of this distribution
is that the variance, o is equal to the mean, p (mu).

Let’s have a look at some Poisson distributions:

par(mfrow=c(1,2))
xvalsl <- seq(0, 14, 1) ; xvalsl
xvals2 <- seq(0, 39, 1) ; xvals2
p <- numeric(15) ; p
for(i in 1:15)
p[i] <- dpois(xvalsl]i], 1.2)
p ; sum(p)
barplot(p, names=levels(factor(xvalsl)), xlab="x", ylab="Probability of x")
p2 <- numeric(40) ; p2
for(i in 1:40)
p2[i] <- dpois(xvals2[i], 15)
p2 ; sum(p2)
barplot(p2, names=levels(factor(xvals2)), xlab="x", ylab="Probability of x")
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Notice that as the mean of the Poisson distribution increases the distribution
becomes more like the normal. The Poisson distribution is incredibly useful as a model of
random events in either space or time. Let's look at some hypothetical data on the
numbers of diseased trees obtained from one hectare forest plots described above.

data <- c(rep(0:7,c(42,30,10,5,5,4,4,0))) ; data
freq.data<-table(data)
mean(data)
par(mfrow=c(1,2))
barplot(freq.data, main="Observed data")
xvalsl <- seq(0, 8, 1) ; xvalsl
p <- numeric(9) ; p
for(i in 1:9)
pli] <- dpois(xvalsl[i], mean(data))
p ; sum(p)
barplot(p, names=levels(factor(xvalsl)), xlab="x", ylab="Probability of x",
main="Poisson prediction")
mean(data)

[1] 1.29
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There is clearly a mis-match between the observed data and the corresponding
Poisson distribution, i.e. a Poisson distribution with the same mean. The data has more
zeros and more high values than we would expect. This is very common in ecological
data and is called 'over-dispersion'. A simple test for this is to calculate the mean/variance
ratio. Remember that in the Poisson distribution this ratio should be one.

var(data)/mean(data)
[1] 2.134445

In this case the ratio is 2.13 and indicates that our data deviates from a Poisson
distribution. If we want to formally test for this we can compare the observed values to
those expected using a Chi-squared goodness-of-fit test. First we need the expected
values. We have the probabilities from the vector, p, above so we multiply by the total
number of observations (100) to get the expected number in each category.

p*100
[1] 27.527078309 35.509931019 22.903905507 9.848679368

3.176199096 0.819459367 0.176183764 0.032468151
0.005235489
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Number of Observed Expected (O-E)°/E
observations
0 42 27.53 7.61
1 30 35.51 0.85
2 10 22.90 7.27
>2 18 14.06 1.10

Notice that one restriction of the Chi-squared test is that catagories should not
have an expected values of less than five. When this occurs catagories can be pooled until
the expected value is large enough, in our case all values greater than two are pooled. We
can use R as a calculator to perform the Chi-squared test:

obs <- c(42, 30, 10, 18)

exp <- ¢(27.53, 35.51, 22.9, 14.06)
deviations <- ((obs-exp)"2)/exp ; deviations
test.stat <- sum(deviations) ; test.stat

[1] 7.6055539 0.8549732 7.2668122 1.1040967
[1] 16.83144

The actual test statistic is the sum of the deviations from expected values. In this
case the value is 16.83. We can test the significance against a Chi-squared distribution
(see below) with k-p-1 degrees of freedom where p is the number of parameter estimated
and k is the number of categories of observation. In our case we have estimated one
parameter, the Poisson mean mu, so we have 4 - 1 - 1 = 2 degrees of freedom.

1 - pchisq(16.83, 2)
[1] 0.0002215195

The deviation from the Poisson distribution is highly significant (notice that
because pchisq gives us the lower tail of the chi-squared distribution we use 1 - pchisq to
get the upper tail, i.e. the probability of obtaining a value at least as high as 16.83 by
chance alone). Biologically this tells us that diseased trees do not occur at random.
Remember the assumption behind the Poisson distribution is a series of independent
Bernoulli trials (each trial here is a tree) in which the probability of success does not vary
from trial to trial. A moments thought reveals that these assumptions are unlikely to be
met in the case of diseases. Healthy trees adjacent to diseased trees are much more likely
to become infected generating the aggregated pattern that we saw. Tests like this are
often used to test for randomness. Aggregated distributions can instead be modelled using
the negative binomial distribution (a two-parameter distribution with a mean and
aggregation parameter).

The Central Limit Theorem
The theorem states that even for highly non-normal populations repeated experiments to
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obtain the sample mean will result in a distribution of sample means that is approximately
normal. The approximation improves as the sample size on which the mean is based
increases. This means that if your data are means based on relatively large sample sizes
they are likely to be normally distributed even though the individual observations may be
highly non-normal. The normal distribution is incredibly important and useful in statistics
not just because it provides a good model for data like height or weight but because other
distributions can often be approximated with a corresponding normal distribution. For
example, for the binomial distribution, if np > 5 and nqg > 5 then a normal distribution
provides a usable approximation. In practise, as we have already seen, these conditions
are most likely when n is large and p is close to 0.5. For the Poisson distribution if mu is
at least 30 then a normal distribution with mean 30 and standard deviation 30 will
provide a good approximation. The approximation gets better as mu gets bigger. You can
see this from the two Poisson distributions given above. The take home message is that
you should not automatically assume that proportion and count data will always be non-
normal - under circumstances like those given above you may be able to analyse thse data
assuming a normal distribution.

Linear Predictors

The linear predictor, the systematic (as opposed to random) component, represents the
explanatory variables (and their interactions) in the model. The model relates each
observed value of y to a predicted value. The predicted value is obtained by
transformation of the value emerging from the linear predictor (see the link function
below). The linear predictor, n (eta), is a linear sum of the effects of the explanatory
variables, x;:

p

17 =injﬂj =

1

where i indexes the observations and the x are the values of the p different
explanatory variables. The s are the parameters to be estimated from the data (see
McCullogh & Nelder 1989, p.26). There are as many terms in the linear predictor as there
are parameters to be estimated. For a simple linear regression the linear predictor is the
familiar:

y=a+bx

where a is the intercept and b is the slope. The linear predictor is the sum of the
two terms. For a one-way ANOVA with two treatments the linear predictor is the sum of
the means for each factor level. A covariate adds an extra parameter to the linear
predictor and an interaction term between two continuous variables also adds one (more
generally interaction terms adds as many parameters as the degrees of freedom that the
interaction has).

Link Functions

The link function is probably the trickiest aspect of GLMs to understand. The link
function is the GLM alternative to transforming the data to fit the normal distribution.

10
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Instead, the data is left alone and a different error distribution can be used in conjunction
with a link function. The following diagram is adapted from Crosbie & Hinch (1985).
When using normal least squares, if residual plots show them to be non-normal, the data
must be transformed until the residuals become approximately normally distributed.

Transformation and normal least squares

Untransformed data Transformed data

transformation
>

Residual errors on
transformed scale
modelled as normal

With GLMs the data is left untransformed. Instead, the link function is combined
with an inverse link to produce fitted values back on the original scale of measurement.
These residuals errors may be modelled with a normal error distribution, or more likely

with a non-normal distribution such as the Poisson.

Generalised Linear Modelling

Untransformed data

> Linear predictor
+ link function
< + inverse link
Residual errors
modelled on
original scale with
chosen distribution n) to the

11
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random component (the response variable with its error distribution) by linking the values
emerging from the linear predictor back to the data on the original scale of measurement:

n =g(w

where the link function is symbolised as g(-). Predicted values are generated by
the GLM evaluating the linear predictor for each value of the response variables
including any transformation involved. The fitted value is produced by back-transforming
the value emerging from the linear predictor by applying the inverse of the link function
to get back to the original scale of measurement. Residual differences between the
observed and predicted values are then modelling using the selected error distribution (or
‘family’ in R) on the original scale of measurement. It may be helpful to think about a
very simple situation: imagine we were performing a simple linear regression with some
data that was normally distributed and where no transformation was required (obviously,
we would not really need GLMs in a case like this and would just use least squares, but
for the sake of illustration imagine we used maximum liklihood with a normal error
structure and a link function that leaves things unchanged). The linear predictor is the
familiar y = a + bx. When no transformation is employed the GLM equivalent is the
identity link, which also does nothing. In this case we select the normal error distribution
and the errors are modelled accordingly. Now imagine a more complex example with
some Poisson distributed count data. In this case the link function would now be the log
link and the fitted values would be generated by the inverse link, taking the exponent
(anti-logging). The residuals would be generated by comparing these predicted counts to
the observed data and the residuals modelled using the Poisson distribution.

Maximum Likelihood
Given a set of data and having chosen a model (we could try and compare several)
maximum liklihood is a method for determining which parameters of the model produce
the best model fit and make the data most likely to be observed. For a simple linear
regression of data with a normal error structure we use least squares to mimimise the sum
of the squared deviations of the observed and expected values. With different error
structures and link functions there are alternative forms of maximum liklihood
calculation. However, for normal data the maximum liklihood estimate is the least
squares estimate.

Crawley (2002) illustrates maximum liklihood with the following example.
Suppose we threw three dice and added up the total, what would the expected value be?
We can simulate one roll of the di in R as:

ceiling(6 * runif(1))
The total score off all 6 facesofadiis1+2+3+4+5+ 6 =21, sothe
expectation for a single roll is 21 x 1/6 = 3.5. We can simulate three rolls and add up the

total by:

sum(ceiling(6 * runif(3)))

12
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The total score from three dice is 3 x 21 = 63. So the expected score is 10.5.
Finally, we can repeat the whole process many times and graph the results as:

total <- numeric(1000)
for (i in 1:1000) total[i] <- sum(ceiling(6 * runif(3)))
hist(total)

The maximum score from three dice is 3 x 6 = 18 and we can see that our
histogram extends up to this maximum with the most likely outcome around 10 and 11.

Histogram of total
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However, what if we did not know the probability of each outcome (1/6 in this
case) and the data was used to determine the value of the probability, p? The maximum
liklihood estimate of p can be defined as:

E(X)=pT =px63

where T is the total from three dice, 63. Given the observed data and our model,
E(x) = 63p, what value of p makes the data most likely to be observed? Suppose we ran
the experiment three times and got the data:

10, 12,5, 14
We can compare some different possible values of p. If p = 1/4 then our

expectation would be 63 x 1/4 = 15.75 with residual differences of -5.75, -3.75, -10.75
and -1.75. with an absolute sum of 22. All of the observed data are less than the expected

13
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value. If p was 1/8 the expectation would be 63 x 1/8 = 7.875 and the deviations of 2.125,
4.125, -2.875 and 6.125 come to an absolute sum of 15.25. Finally, if p = 1/6 then the
expectation, given above, is 10.5 and the sum of the absolute deviations is 11. If we take
the sum of the absolute deviations as a measure of the goodness of fit of the model then
we can plot the results as:

probability <- c(1/4, 1/6, 1/8)
deviations <- ¢(22, 11, 15.25)
plot(deviations ~ probability, type ="I")

deviations
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The value of p that minimises the deviations and makes the data most likely to be
observed is p = 1/6.

For a binomial example: imagine we carry out a single trial and find 5 parasitised
anaimals in a sample of 9. The maximum liklihood estimator is:

P(5):( 2 j@5(1—9)(95)

(9-5)5!
where we are trying to estimate 6 which simplifies to:
L(6) = 6°(1 - 0)®

We can plot the liklihood against theta:

14
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theta <- seq(0, 1, 0.01)
par(mfrow = c(1, 1))
plot(theta, theta”5 * (1 - theta)"4, type = "I", ylab = "Likelihood")
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The maximum liklihood occurs at 0.55 which agrees with an intuitive estimate of
5/9.

For a Poisson process the maximum liklihood estimator of u for r events (counts)
observed in n trials is also the mean and hence again agrees with our intuition(see, e.g.,
Crawley 2002 p.507):

n

Parameter Estimation

Maximum liklihood estimation is performed by an iterative process of weighted
(sometimes written as re-weighted) least squares. The process takes the data as inital
estimates of the fitted values and then repeats attempting to minimise the residual errors -
the differences between the observed and fitted values. The regression is not carried out
ony, as in normal least squares, but on a combination of the linear predictor and the link
function applied to y. The weights are functions of the fitted values. The parameter
estimates are adjusted on each itteration until changes are small. Alternatively the
estimates may 'fail to converge' and R will stop the itterative process (the default is after
ten cycles) and give a message to this effect.

Deviance and Hypothesis Testing

In normal models the fit of a model is measured by the sum of squares (SS), the sum of
the squared (to get rid of negative values) differences between the observed and predicted

15
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(fitted) values. In GLMs the equivalent is deviance. Deviance is defined as, -2 times the
difference in the log liklihood between the fitted model and the saturated model, i.e. a
model that fits the data perfectly. Deviance is estimated in different ways for different
distributions following these formulas:

Error distribution Deviance

Normal Z(y B 9)2

Binomial ZZyln(l}L(n—y)ln{u}

H n—u

Poisson ( y

where y is the observed data, y the mean of y, p are fitted values predicted by

maximum likelihood and n is the dinomial denominator.

In binomial GLMs the estimation of the deviance can be illustrated with this
simple example from Crawley (2002).

In binomial GLMs the estimation of the deviance can be illustrated with this
simple example from Crawley (2002). For proportion data the deviance is:

<

25" ylog| L |+ (n-y)log
y n—

< >

n

where, y is the observed number of successes, Y is the predicted fitted value and n

the binomial denominator (the total from which we observed y successes). Imagine an
experiment with two treatments, each with two replicates, where we got 3 out of 6 and 4
out of 10 for one treatment and 5 out of 9 and 8 out of 12 for the other. First, calculate the
average of two proportions by summing the successes and dividing by the total number of
attempts:

3+4+5+8=20/6+10+9+ 12 =237 =0.5405

n

Next we calculate the four expected counts, Y :

y<-¢(3,4,5,8)
n<-c(6, 10, 9, 12)
n*20/37

[1]1 3.243243 5.405405 4.864865 6.486486

The total deviance, calculated in two portions, is:

16
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pl <-2*(3*log(3/3.243)+3*log(3 /(6-3.243))+4*log(4/5.405)+6*log(6/(10-5.405)))
p2 <-2*(5*log(5/4.865)+4*log(4 /(9-4.865))+8*l0g(8/6.486)+4*log(4/(12-6.486)))
total.deviance<- pl+p2 ; total.deviance

[1] 1.629673

To get the residual deviance we need to calculate a new set of fitted values based
on the two treatment means. The mean proportion in the first treatment was:

meanl <- 7/16 ; meanl
mean2 <- 13/21 ; mean2

[1] 0.4375
[1] 0.6190476

so the fitted values are:

p <- c(7/16, 7/16, 13/ 21, 13/ 21)
p*n

[1] 2.625000 4.375000 5.571429 7.428571
and the residual deviance, again calculated in two parts, is:

pl <-2*(3*log(3/2.625)+3*log(3 /(6-2.625))+4*log(4/4.375)+6*log(6/(10-4.375)))
p2 <-2*(5*log(5/5.571)+4*log(4 /(9-5.571))+8*log(8/7.429)+4*log(4/(12-7.429)))
residual.deviance<- pl+p2 ; residual.deviance

[1] 0.4201974
We can now check our calculated deviance against that from R:
treatment <- factor( c(1, 1, 2, 2))
pq <- cbind(y, n-y)
treat.model <- glm(pq ~ treatment, family = binomial) ; summary(treat.model)

total.dev.model <- glm(pq ~ 1, family = binomial) ; summary(total.dev.model)

Call: gIm(formula = pqg ~ treatment, family = binomial)

Coefficients:

Estimate Std. Error z value Pr(>|z])
(Intercept) -0.2513 0.5040 -0.499 0.618
treatment2 0.7368 0.6752 1.091 0.275

Residual deviance: 0.4206 on 2 degrees of freedom

Call: gIm(formula = pg ~ 1, family = binomial)
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Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) 0.1625 0.3299 0.493 0.622

Residual deviance: 1.6297 on 3 degrees of freedom

We will look at the output in detail below but it shows us that the residual
deviance and the total deviance (also called residual in this case, but from a model where
we have only fitted the grand mean, parameter 1) match our calculated values. The
calculations get more complex for more complex examples but this simple example gives
us an idea of what is going on inside R and where the outputted deviances come from.

In GLMs with Poisson errors the deviance is:

ZZOIn(gj

where O is the observed count and E is the expeccted count based on the
statistical model. Imagine you had two counts from each of two areas: 3 and 6 in
Location one and 4 and 7 in location two. Are the areas different? The expected count is
the overall mean:
mean(c(3, 6, 4, 7))
[11 5

And the total deviance can then be calculated as:

2x{3xln(§j+6xln(§j+4x In(ﬂj+7xln(zj}
5 5 5 5
2 * (3 *1log(3/5) + 6 *log(6/5) + 4 * log(4/5) + 7 * log(7/5))

[1] 2.048368

The means for the two locations are 9/2 = 4.5 and 11/2 = 5.5 respectively. The
residual deviance after fitting location should therefore be:

o & (&l (L)

2 * (3 *log(3/4.5) + 6 * log(6/4.5) + 4 * log(4/5.5) + 7 * log(7/5.5))

[1] 1.848033
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The treatment deviance is the difference:
2.048368 - 1.848033

[1] 0.200335

We can perform the same analysis in R using a GLM with Poisson errors as
follows:

y<-c(3,6,4,7);
location <- factor(c(1,1,2,2)) ;
model <- glm(y ~ location, poisson) ; summary(model)

Coefficients:

Estimate Std. Error z value Pr(c|z|)
(Intercept) 1.5041 0.3331 4.516 6.32e-06 ***
location2 0.2007 0.4492 0.447 0.655

Null deviance: 2.0484 on 3 degrees of freedom
Residual deviance: 1.8480 on 2 degrees of freedom

The total deviance of the null model and the residual deviance of the model
including location match. Calculations for more elaborate examples are more complex as
they are iterative estimations but these two simple example hopefully serves to demystify
deviance.

With normal least squares we test hypotheses by performing variance ratio tests to
derive F-values. The variance (mean square) is the sums of squares divided by the
degrees of freedom. The variance of the term in question is divided by the variance of the
appropriate error term and compared to an F-value with the appropriate degrees of
freedom for the numerator and denominator in the variance ratio test.

Hypothesis testing in GLMs works differently. We will see exactly how it works
when we come to real examples later on but the general process is as follows. We begin
by fitting a saturated model. This accounts for all the deviance in the model but has no
explanatory power. In normal least squares it would be like fitting a variable that coded
for every individual data point - you would account for all the sums of squares but it
would be of no use for explanation. You then fit one or a series of GLMs. Each GLM has
a deviance which is calculated by the maximum likelihood methods explained above. The
deviance is assumed to be distributed approximately as chi-square so the deviance values
can be tested directly as chi-square values. We only need consider the degrees of freedom
for the explanatory variable in question (e.g. 1 d.f. for a regression). Because we compare
the likelihoods of whole models when using GLMs it is usual to compare models that
differ in the term of interest. Effects of individual variables may be reported in the text
when writing up results, giving the chi-square value and the degrees of freedom.
Alternatively, we can draw up analysis of deviance tables that compare a series of models
in terms of their likelihood ratios (with the degrees of freedom again of course) rather
than an ANOVA table with its F-tests. One complexity comes if the dispersion parameter
is not approximately equal to one, so-called over- or under-dispersion, when we return to
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using F-tests because the approximation to the chi-square distribution has been shown not
to hold (see below).

The Chi-square Distribution

The chi-square distribution is a one-parameter distribution characterised by the degrees of
freedom where the mean is equal to the degrees of freedom v, new, and the variance to
2v. We will come across it a lot as deviance is approximately distributed as chi-square.
One of the assumptions of GLMs is that the residual deviance is approximately equal to
the degrees of freedom. That is, the ratio, the so-called dispersion parameter, is
approximately one.

The following graph is taken from Venables & Ripley (2002) where they
emphasize that the assumption of a dispersion parameter of 1 is only approximate,
especially at lower values of np for the binomial and lower means of the Poisson (see
page 208).

x <- 0:100
plik <- function(lambda)

sum(dpois(x, lambda) * 2 * ( (lambda - x) + x * log(pmax(1, x) / lambda)))
lambda <- c(1e-8, 0.05, seq(0.1, 5, 0.1))
plot(lambda, sapply(lambda, plik), type = "I", ylim = c(0, 1.4), ylab = "Expected
residual deviance", xlab = "Mean of Poisson distribution™)
abline(h =1, Ity = 3)

14

Expected residual deviance

Mean of Poisson distribution
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Quasi-Liklihood

Following the invention of the GLM framework by Nelder & Wedderburn (1972),
Wedderburn (1974) went on to demonstrate an alternative approach of quasi-maximum
likelihood. In this approach, rather than assuming a distribution (with their varying
parameters and properties), the modelling is done based only on the mean and variance of
the data. This approach is useful when the mean/variance relationship assumed by some
of the GLMs proves not to hold, that is when the dispersion parameter described above is
different from the assumed value of one. In these cases we can use QML as a way to deal
with the so-called over- (or under-) dispersion by employing R's quasi-binomial and
quasi-poisson functions.

Analogies between Normal Least Squares and Generalised Linear Models

The broader suite of GLMs is more complex to understand than normal least squares
methods. However, most of the features of GLMs have analogies in normal least squares
methods (in fact the NLS methods can be seen as special cases for the normal
distribution) as follows:

Normal Least Squares Generalised Linear Models
Sums of squares and variance (MS) deviance
Least squares Itterated weighted maximum liklihood
Normal error distribution Alternative error distributions from the
exponential family
Transformations Link functions
Variance ratio F-tests Deviance ratio Chi-squared tests

Further Reading

Detailed descriptions of GLMs can be found in McCullagh & Nelder (1989) and
McCulloch & Searle (2001). Dobson (2002) provides an introduction. The application of
GLMs using S-Plus (and R) is described in Crawley (2002).
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